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Abstract. 

In this paper, the uniform practical stability of the trivial solution of a nonlinear impulsive 

Caputo fractional differential equations with fixed moments of impulse is examined using an 

auxilliary Lyapunov function which are analogues of vector Lyapunov functions, and is 

generalized by a class of piecewise continuous Lyapunov functions. Together with comparison 

results, sufficient conditions for the uniform practical stability for impulsive Caputo fractional 

order systems are established. An illustrative example is given to confirm the suitability of the 

obtained results. 
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1 INTRODUCTION 

Spanning three centuries, the history of fractional calculus has been marked by significant 

developments, largely confined to the theoretical foundations of mathematics. Moreover, 

recently, its relevance have also span into several other fields like the mathematical physics, 
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engineering, control theory, economics, etc. The earliest – more or less systematic studies of the 

concept seem to have been made in the 19th century by Liouville, Riemann, Caputo, etc.  [37], 

and in the last four decades, it was observed that the advancement of fractional calculus has 

enabled the description of complex system behaviors through fractional differential systems 

(including many physical phenomenon having memory and genetic characteristics), thus 

providing new insights into their dynamics. 

As observed in [6, 27], one of the trends in the stability theory of solutions of differential 

equations is the so-called practical stability. This aspect of stability was introduced by LaSalle 

and Lefschetz in [24], and it is used in estimating the worst-case transient and steady-state 

responses together with verifying pointwise in time constraints imposed on the trajectory curve. 

Fundamental results in this area were established in [9, 31] and [40] for integer order derivative. 

In line with the development of the theory of practical stability in recent years is the 

mathematical theory of impulsive differential equations which have experienced a massive 

research attention and development. Now, the theory of impulsive differential equations is richer 

than the corresponding theory of differential equations [16] as they constitute very important 

models for describing the true state of several real life processes and phenomena, since many 

evolution processes are characterized by the fact that, at certain moments of time, they 

experience a change of state abruptly (see [16]). 

Moreover, the efficient applications of impulsive differential system require the finding of 

criteria for stability of their solutions [35], and one of the most versatile methods in the study of 

the stability properties of impulsive systems is the Lyapunov’s direct method also called the 

Lyapunov’s second method. Interestingly, the method involves seeking an appropriate 

continuously differentiable function (called Lyapunov’s function) that is positive definite and 

whose time derivative along the solution path or trajectory curve is negative semidefinite. 

The stability of the zero solution of impulsive differential equations have been extensively 

studied in [12] and [30]. Investigations into the stability of fractional order systems is a recent 

development and major obstacles in utilizing the Lyapunov’s functions for these systems lies in 

establishing an appropriate definition of the derivative amidst fractional differential equations. 

However, this difficulty was safely handled in [1] where the choice of a Lyapunov function that 

is continuous was adopted, with a re-definition, as it were, of the Dini derivative for the given 

fractional order system with respect to the Lyapunov function. To the best of our knowledge, not 

so much have been done in the literature in terms of practical stability for impulsive fractional 

order derivative using the vector Lyapunov functions by means of the comparison method. 

Against this background, [6] established sufficient conditions for the practical stability of 

impulsive fractional order systems using the vector Lyapunov functions with the comparison 

method, while fundamental results for the stability of impulsive Caputo fractional differential 



equations using the scalar Lyapunov function were examined in [1] and [2]. Other stability 

results have been established in [42-48]. 

In this paper, the uniform practical stability of impulsive Caputo fractional order systems is 

examined. By means of the comparison principle, sufficient conditions for the uniform practical 

stability of impulsive fractional order systems is established using a class of piecewise 

continuous functions. An illustrative example given, extends and improves on existing results. 

2 Preliminary Notes and Basic Definitions 

Fractional calculus is considered as a natural generalization of the classical calculus of integer 

order to arbitrary order, thereby allowing for the extension of the traditional concepts of 

derivative and integral to functions with fractional orders.  By this extension, functions with non 

integer orders are much more flexible in describing real world systems (see [14, 25, 26, 34 and 

37]). 

There are several definitions of fractional derivatives and fractional integrals. 

General case. Let the number 0,1   nn  be given, where n  is a natural number, and 

(.)  denotes the Gamma function. 

Definition 2.1. 

The Riemann Liouville fractional derivative of order   of )(t  is given by (see [35]) 
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Definition 2.2. 

The Caputo fractional derivative of order   of )(t  is given by (see [35]) 
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The Caputo derivative has many properties that are similar to those of the standard derivatives 

which make them easier to understand and apply. Also, the initial conditions of the Caputo 

fractional order derivative are also easier to interpret in physical context. 

Definition 2.3. 

The Grunwald-Letnikov fractional derivative of order   of )(t  is given by (See [1]) 
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Definition 2.4. The Grunwald-Letnikov fractional Dini derivative of order   of )(t is given by 

(See [1]) 

 








h

tt

r

r

r

h

GL ttrhtC
h

tD

0

0

0
0

0 ),()1(
1

suplim)(  



  

where rC  are the binomial coefficients and 
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Particular case (when n=1). In most applications, the order of   is often less than 1, so that 

)1,0( . For simplicity of notation, we will use  
DC

 instead of DC

t0
 and the Caputo fractional 

derivative of order   of the function )(t  is  
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 (2.1) 

3 Impulses in Fractional Dynamics 

Consider the initial value problem (IVP) for the system of fractional differential equations 

(FrDE) with a Caputo derivative for .10    
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where .),(0)0,(],,[, 00

NNNN RRxtandtfRRRCfR    

Some sufficient conditions for the existence of the global solutions to (3.1) are considered in [7], 

[11], [22], [23], [29], [35], [42].  

The IVP for FrDE (3.1) is equivalent to the following Volterra integral equation (See [2]), 
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 (3.2) 



Consider the IVP for the system of impulsive fractional differential equations   (IFrDE) with a 

Caputo derivative for ,10    
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The system 

(3.3) with initial condition 00)(  t  is assumed to have a solution 

).),,([),;( 000

NRtPCtt    

Remark 𝟑. 𝟏. The second equation in (3.3) is called the impulsive condition, and the function 

))(( kk tI   gives the amount of jump of the solution at the point .kt  

Definition 3.1. Let 
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(ii)   is locally Lipschitz with respect to its second argument x  and 0)0,(  t  

Now, for any function ).,),([),( 0

NRtPCt    we define the Caputo fractional Dini 

derivative as:  
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 (3.4) 



0tt   where NRtt   ,,),,[ 00  and there exists 0h  such that ].,[ 0 Ttrht   

Definition 3.2. A function ],[ nn RRPCg   is said to be quasimonotone nondecreasing in  , if 

y  and ii y  for ni 1  implies ).()( ygg ii   

Definition 3.3. The zero solution of (3.3) is said to be: 

(PS1) practically stable if for every  Rtand 00  there exist 0),( 0  t  continuous in 

0t  such that for any   00 ,NR  implies   ),,( 000 ttRN  for ;0tt     

(PS2) uniformly practically stable if for every  Rtand 00
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Definition 3.4. A function )(ra  is said to belong to the class K   if ,0)0(),),,0([   aRPCa   

and )(ra  is strictly monotone increasing in .r  

In this paper, we define the following sets: 

   :NRS  

   :NRS  

Suffice to say that the inequalities between vectors are understood to be component-wise 

inequalities. 

We will use the comparison results for the impulsive Caputo fractional differential equation of 

the type 
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existing for 0tt  , ,0)0,(,:),,[, 0   tgRRRgtRRu nnn  where g  is the continuous 

mapping of nRR    into nR .  The function ],[ nn RRRPCg    is such that for any initial data 
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Proof. Let ).,(),(),( 21  tmtmt   Applying (3.4), we have  
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Applying equation (3.8) in [1], we have 

             

 ),(),(
)1(

)(
),(),( 21

0
21 





 








 



 tmtm

tt
tmDtmD CC  

By the lemma, we have that  
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Note that some existence results for (3.5) are given in [11, 13] and [14].  

Remark 3.3. Lemma 3.2 extends Lemma 1 in [1], where the vectors ),(),( 21  tmandtm  are 

compared component-wise. 

In the following, we establish the comparison result for the system (3.3). 

4 Fractional Differential Inequalities and Comparison Results for Vector Fractional 

Differential Equation 

In this section, again we assume that .10    
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Proof. 

Let  S  be a small enough arbitrary vector and consider the initial value problem for the 

following  system of fractional differential equations, 
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The function ),(  tu  is a solution of (4.3), where  0  the fractional differential equation 

(3.5) if and only if it satisfies the Volterra fractional integral equation, 
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Let the function ),],([),( 0
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is the Grunwald Letnikov fractional derivative 
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Since ),( t  is locally Lipschitzian with respect to the second variable, we have that, 
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where 0L  is a Lipschitz constant. 
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Using equation (4.8), equation (4.11) becomes, 
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Substituting equation (4.12) into (4.10) we have 
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Dividing through by 0h  and taking the 
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Recall that, 
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From equations (3.6) and (3.7) in [1], we have that 
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Using condition (ii) of the Theorem 4.1, we obtain the estimate 
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Also,  
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Now equation (4.14) with 1tt   contradicts (4.6), hence (4.5) is true.   
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For ],,[ 0 Ttt  we now establish that 
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which is a contradiction, and so (4.15) is true. Thus, equations (4.5) and (4.15) guarantee that the 
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show that )(t  is a solution of (4.4). Thus, equation (4.4) becomes  
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Taking the jiaslim  in (4.16) yields, 
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Hence, )(t  is a solution of (3.5) on ].,[ 0 Tt  We claim that )(t  is the maximal solution of   

(3.5). Then, from (4.5), we have that ].,[)(),(),( 0 Ttonttutm    .  

Suppose that in Theorem 4.1, ,0),( utg then we have the following results 

Corollary 4.1.  

Assume that Condition (i) of Theorem 4.1 holds and,  
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5 Main Results 

In this section, we will obtain sufficient conditions for the uniform practical stability of the 

system (3.3). Again we assume .10    

Theorem 5.1. Assume that  
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Then the uniform practical stability of the trivial solution 0u  of (3.5) implies the uniform 

practical stability of the trivial solution 0  of (3.3). 

Proof. Let  0  and Rt0  be given. 
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where ),,( 00 uttu  is any solution of (3.5). 
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which leads to a contradiction. 

Hence, the uniform practical stability of the trivial solution 0u  of (3.5) implies the uniform 

practical stability of the trivial solution 0  of (3.3). 

6 Application  

Consider the system of fractional differential equations 
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and substituting (6.3) into (6.2), we have,
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By combining equations (6.4) and (6.5), we have 
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Now, consider the comparison system AutguDC  ),(
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The vectorial inequality (6.6) and all other conditions of Theorem 5.2 are satisfied since the 

eigenvalues of A are all negative real parts. Hence, the system (6.1) is uniformly practically 

stable. Therefore, the trivial solution 00   of the IFrDE (6.1) is uniformly practically stable. 

7 Conclusion 

In this paper, we examined the uniform practical stability of nonlinear impulsive Caputo 

fractional differential equations with fixed moment of impulse, using an auxiliary Lyapunov 

functions which are analogues of vector Lyapunov functions, and is generalized by a class of 



piecewise continuous Lyapunov functions. By splitting the vector Lyapunov functions ),( tV  

into several components of 1V ,
2V ,..., each of the state variable or solution state mxxx ,...,, 21

 can 

be inserted into each of the components rather than into one Lyapunov function, so that the 

arguments to obtained the desired practical stability result becomes less complicated, and the 

imposed conditions would be less restrictive. Together with the comparison results, sufficient 

conditions for the uniform practical stability of the impulsive Caputo fractional order system 

(3.3) is established with an illustrative example. 
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